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In this paper we prove that for a function f'e L?(G,,) where 1 < p the Fejér means
o,f converge to f almost everywhere with respect to the character system of any
(bounded or not) Vilenkin group G,,. © 1999 Academic Press
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1. INTRODUCTION AND THE MAIN THEOREM

One of the most celebrated problems in dyadic harmonic analysis is the
pointwise convergence of the Fejér (or (C, 1)) means of functions on
unbounded Vilenkin groups. We give a partial answer to this question.
Namely, we prove that if f'e L?(G,,) for p>1, then o, f— f almost every-
where. First we give a brief introduction to the theory of Vilenkin systems.
These orthonormal systems were introduced by Vilenkin in 1947 (see,
e.g., [Vil, AVD]). Let m:=(m;, keN) (N:={0, 1, ..} be a sequence of
integers, each of which is not less than 2. Let Z,, denote the m,th discrete
cyclic group. Z,, can be represented by the set {0, 1, ..., m;— 1}, where the
group operation is the mod m, addition and every subset is open. The
measure on Z,, , f; is defined such that the measure of every singleton is
1/m; (keN). Let
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2 G. GAT

Then every x € G,, can be represented by a sequence x = (x;, i € N), where
x;€Z,, (ieN). The group operation on G,, (denoted by +) is the coor-
dinatewise addition (the inverse operation is denoted by —), the measure
(denoted by u) and the topology are the product measure and topology.
Consequently, G,, is a compact Abelian group. If sup,, .y 72, < 0, then we
call G,, a bounded Vilenkin group. If the generating sequence m is not
bounded, then G,, is said to be an unbounded Vilenkin group.
A base for the neighborhoods of G,, can be given as

I(x):=G,,, L(x):={y=(y,ieN)eG,,: y;=x;fori<n}

for xe G,,, ne P:=N\{0}. Let 0=(0, ;e N) e G,, denote the null element
of G,,, I,,:=1,0) (neN). Furthermore, let L?(G,,) (1 <p<o0) denote the
usual Lebesgue spaces (|||, the corresponding norms) on G,,, .%,, the ¢
algebra generated by the sets /,(x) (xe€ G,,), and E, the conditional expec-
tation operator with respect to o7, (neN) (E_,f:=0 (feL').)

The concept of the maximal Hardy space ([SWS]) HY(G,,) is defined by
the maximal function f* :=sup, |E, f| (f€LYG,,)), saying that f belongs
to the Hardy space H'(G,,) if f*e LY(G,,). H'(G,,) is a Banach space with
the norm

L gz == 1LF* -

Let My:=1, M, ,:=m,M, (neN). Then each natural number »n can
be uniquely expressed as

n=>y nM;, (n;e{0,1,.,m;—1},ieN),

where only a finite number of n,’s differ from zero. The generalized
Rademacher functions are defined as

ru(Xx) :=exp <2mx"> (xeG,,neN,1:=./—1).
mn

It is known that

m,—1 .
sl 0 f 0
{ . Txa?0 e neN).

m,, if x,=0’
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The system  :=(y,:neN) is called a Vilenkin system. Each i, is a
character of G,, and all the characters of G,, are of this form. Define the
m-adic addition as

k®n:=
J
Then, Yign=VYiW¥n Vux+ )=, ()Y, (y), V(—x)=,(x), |¥,|=1
(k,neN, x, yeG,,).
Define the Fourier coefficients, the partial sums of the Fourier series, the
Dirichlet kernels, the Fejér means, and the Fejér kernels with respect to the
Vilenkin system s as

(k;+n,(mod m))) M,  (k,neN).

J

L0

fo=[ fo, Su= % fk) .
Gin k=0

Dy, x)=Dy(y—x)i= 3 Yaly) Ualx)
k=0

17= 1 lnfl

nf = Z Skf Kn(y’ x):Kn(y_x)::Z Z Dk(y_x)’

<neP y,xeG,, 7(0 j £.8of =Dy=0, fe LY(G,, )>

It is well known that

(S0 =] f0x) Dyfy=x)d

()0 =| S K(y=x)dx  (neP.yeGy, feLU(G))
It is also well known that

(M, if xel0)
DMn(x)_{o it x¢l(0y

SwJO)=M, | [=ES(x)  (feL'G,).neN)

Moreover [AVD], for neP,

D=y, Y Dy 3 1 (1.1)
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That is, for ze I,\I, ., (teN),

t—1 m,—1
D, (z)=1,(2) ( YoM +M, Y r’,(z)). (1.2)
j=0 i=m—n,
Define the maximal operator
o*f:=sup |o,f|.
neP

Let X and Y be either H'(G,,) or L?(G,,) for some 1 <p < co with norms
|-l x and |-||y. We say that operator o is of type (Y, X) if there exist an
absolute constant ¢ >0 for which ||c*f||y<c | f| x for all fe X. o* is of
weak type (L', L') if there exist an absolute constant ¢>0 for which
u(e*f>i)<c||fll,/A for all >0 and fe LYG,,).

The pointwise convergence of Fejér (C,1) means of functions on
unbounded Vilenkin groups is one of the most celebrated problems in the
field of dyadic harmonic analysis.

Fine [Fin] proved every Walsh-Fourier series (in the Walsh case m; =2
for all je N) is a.e. (C, a) summable for o > 1. His argument is an adapta-
tion of the older trigonometric analogue due to Marcinkiewicz [ Mar].
Schipp [Schl] gave a simpler proof for the case a=1, ie., g,f—f ae.
(feLYG,,)). He proved that ¢* is of weak type (L', L'). That ¢* is of type
(L', H') was discovered by Fujii [ Fuj].

The theorem of Schipp and Fujii with respect to the character system of
the group of 2-adic integers is proved by the author [ Gatl].

The theorem of Schipp is generalized to the p-series fields (m;= p for all
jeN) by Taibleson [ Tai2] and later to bounded Vilenkin systems by Pal
and Simon [ PS]. The almost everywhere convergence o, f — f for integrable
function f on noncommutative bounded Vilenkin groups and the (L', H')
typeness of the maximal operator is proved by the author [Gat2]. We
remark that the “noncommutative case” differs from the “commutative
case” in many aspects. For instance there exist some bounded noncom-
mutative Vilenkin groups in which the partial sums of the Fourier series do
not converge to the function either in norm or a.e. for some feL?, p>1
[Gat2]. This is a sharp contrast.

With respect to unbounded Vilenkin groups nothing “positive” is yet
known. The methods known in the trigonometric or in the Walsh, bounded
Vilenkin case are not powerful enough. One of the main problems is that
the proofs on the bounded Vilenkin groups (or in the trigonometric case)
heavily use the fact that the L' norm of the Fejér kernels are uniformly
bounded. This is not the case if the group G,, is an unbounded one [ Pri].
From this it follows that the original theorem of Fejér does not hold on
unbounded Vilenkin groups. Namely, Price proved [Pri] that for an
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arbitrary sequence m (sup, m, = o0) and a€ G,, there exists a function f
continuous on G,, and g, f(a) does not converge to f(a). Moreover, he
proved [Pri] that if ((logm,)/M,)— co, then there exist a function f
continuous on G,, whose Fourier series are not (C, 1) summable on a set
S < G, which is non-denumerable. That is, only, a.e. convergence can be
stated for unbounded Vilenkin groups.

THEOREM 1. Let G,, be any Vilenkin group (bounded or not), 1 <p and
fel?(G,,). Then, ,f—>f (n—> ) ae. in G,

Throughout this paper ¢ denotes an absolute constant and ¢, a constant
which may depend only on p. Constants ¢, ¢, may vary from line to line. The
proof of Theorem 1 has several steps.

In Section 2 we discuss the boundedness of some operators on the discrete
cyclic group Z,, (2<meN). This section is technical and will be used in the
proof of Theorem 1 later, in Section 5. Section 2 is readable separately. In Sec-
tion 3 we give an inequalityu({xe G,,: a*f(x)> “})<J1 +Jdy 1+ ds 0+ d5 5.
We prove that J; +J, ;< c | f],/4 for all >0, fe LY(G,,). In the Section 4
(Lemma 4.4) the inequality

J22<C AR p)p\lfl\"

(felL?(G,,) 1<p<2) is verified. Section 5 is devoted to the confirmation of
an upper bound like above for J, ;. This section concludes these investigations
in order to prove Theorem 1.

2. SOME DISCRETE INEQUALITIES

Here the whole procedure is done on the discrete cyclic group Z,,
(2<meP). Here we have x,yeZ,, r(y):=exp(2ny/m), 2<meP,
f:Z, — C. Note that (of course) y — x(y + x) is the mod m subtraction (addi-
tion) of y and x. Also note that ||/, = (1/m)(X7=y |/(x)|?)"? (1<p <)
and 1 (4) =card A)/m for any A =Z,,.

The main aim of this section is to prove Theorem 2.8 (see the end of this sec-
tion), that is, to prove that the maximal operator of the absolute values of the
Fejér means of a functions is of type (L?, L?) (1 <p < o0) and of weak type
(L', L") on the group Z,, (uniformly in m).

Set

. . 1 B rf(x)—1
TMf(y) = sup mm/z>§>m/kf(y x)ik(r(x)_l)z
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and
o= s [L Y e SO
2<keP mmfm/kg_x;m/z k(r(x)—1)2
Also set
k—1
Rf(»):= sup |2 Y fly—j).
0#keZ, j=0
lkfl
Rni= s [TF fiye )
0#£keZ, j=0

Let 0 << m/2. Then use the inequality cz <sin 7 <t (for some absolute con-
stant ¢ > 0) throughout this section. We prove that operator R—, R* is of type
(L?, L?) on the group Z,, (uniformly in m) for all 1 < p < oo and of weak type
(L', LY); that is,

LemMa 2.1 [|Rf[,<c, I fll, (1<p<o0) and puz ({yeZ,: Rf(y)>4i})
<c | fll1/4 for each 2> 0, where R is either R~ or R¥.

We prove that operators 7V and 7® are (uniformly in m) of type (L?, L?)
(1 <p< o) that is,

LEMMA 2.2. | TYf [, <c, If1l, (1<p<o0) and i ({yeZ,,: TYf(y)>1})
<c ||fll;/A for each 2.>0 (j=1,2).

In order to prove Lemma 2.1 we need the following decomposition
lemma of type Calderon and Zygmund. f: Z,, - C, 1> 0.

LemMmA 2.3 [SWS, CZ]. There exists a decomposition ' =f,+> 2,
| fol <cA, supp f; = [w;, B;] disjoint intervals (i e P) of the interval [0, m —1]
(={0,1,..,m—1}), where

1 Bi 1
mZV( x)| <ed, ﬁ—oc—i—lZf x)=0  for ieP,

(U[omﬁ]) Zﬂ’ m" <cllf /A

ieP =1

Proof of Lemma 2.1. We discuss the case R=R~. The case R=R™*
can be treated in the same way and is left to the reader. The (L*, L)
typeness of R is trivial. Next, we prove that R is of weak type (L', L!).
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LetforieP [&; f,]:=[o;—(f;—a;+ 1), f;+ (f;—a;+ 1)] be the “tripled”
interval, and the “tripled” of F:=);cp [, ;] 18 F:=;cp [&;, B;]- Then
tz (Rf>cl) < pgy (F)+uz ({3 ye Z,\F, Rf(y) > ci})

= Jl + J2.
By Lemma 2.3 we have J,; =,uzm(17") <c|fI 1/:1.
On the other hand, we prove for yeZ, \F that Rf(y)<c (that is,

Jo=0). f=fo+22, fi=fo+w. |fol <ci implies that Rfy(y)<cA. Next,
we prove Rw(y)<cA. For a fixed 0#£keZ,,

1k71

i % o)
-z
1 .
< Y ) w(y =l
{ieP:[o, filcly—k+1,y1} {j:y—Jjela; B;1}
1 .
o > > lw(y—j)l

{ieP: [, Bl [y—k+1,y] {j:y—jela, Bil1nly—k+1,y]1}
Loy, 1N [y —k+1, y1# T},

::.]2’1"‘]2’1.
1
<y ) STAG]
{ieP:[a;, B;lc[y—k+1,y]1} lelwa; ;]
1
< Y A fi—a,+1)<ch,

{ieP:[o, f;lc[y—k+1,y]}

because the intervals [a;, ;] (i€ P) are disjoint and all of them are subsets
of the interval [ y—k + 1, y], the length of which is k.

Next, we give an upper bound for J, ,. For a given yeZ, \F we have
that only one of the disjoint intervals [«;, f;] can exist for which
[, filn[y—k+1,y]1#Q and [a;, f;]#[y—k+1, y]. Suppose that
there is one, say, [a, fi;]. Thus, function w can be different from 0 only
on the interval [a,, f,]. Since the distance of y from f; is not less than
pi1—oy+ 1, then k= f; —a; + 1. Consequently,

1 . 1 X .
Jo2 <5 > Wiy =il=7 > |fi(y =)
{jiy—fe[“plﬁ]} {fiy—fe[“pﬂl]}
1
g%([)’l—al +1)ci<ch

That is, Rf(y) < cA on the set y € Z,,\F. This implies that R is of weak type
(L', LY). The interpolation theorem of Marcinkiewicz [SW, Zyg] gives
that the operator R is of type (L?, L?) for all 1 <p < o. Equality R=R~
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was supposed. The proof in the case of R=R™ is the same; therefore it is
left to the reader. |]

Proof of Lemma 2.2. We deal with the case j=1. Since m/2 > x > m/k,

rk(x)—1
k(r(x)—1)?

1 m?

<c— <c—.
S ksin?n(x/m)  kx?

Consequently,

2

1
Ty < sip Y fr=xleis

2
m2<k€Zm m/2>x>=m/k k
m 1
x2

<c | fllsup > <[ fllw-

2<k k m/2>x=mlk

That is, operator T is of type (L®, L*™).
See the (L%, L?) typeness for (1 <p < o0). First suppose that /> 0:

1 2
TM(y)<c— sup L/ (y=x)c—
m 2<keZ, m/2 >§>m/k kx2
<c ), sup Y |f(y—x)|cp
n=0 2<keZ, 2n+1mk) > x5 pnlmk)
i 1 k2 m
<c sup [/ (y—x)I

AnAn, 2 1
n=0 2<keZm2 2"m* k 20+ 10mk) > x> pn(m/k)

1
SUp i > |f(y—x)l

on
n=0 2<keZ, 2n+1mk) > x> 0

sp © Y fy—x)l

on
n=0 0#leZ, ' 21>x>0

This inequality and Lemma 2.1 give that operator T is of weak type
(L', L") for functions /> 0. Let f be a real function. Set

o [flx) i ()20 () i) <0
f(x)'_{o it flxy<o  nd f(x)'_{o it f(x)>0°

then f =f* — f~. The sublinearity of operator TV gives
iz (TOf>20) <py (1OF T >2) +uy (T~ > 1)
<c(lf T+ 1S IA<e /2
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that is, operator TV is of weak type (L', L!) for real functions. If  Z,, — C,
then the 3Jf and 3Jf be the real and the imaginary part of f, respectively.
Then,

1z, (TOf>20) St (TORY > 2) + 1, (TVIf > 2)

<c(IRf 1L+ IS h)/A< e Lf 11/

That is, operator TV is of weak type (L', L'). After all, apply the inter-
polation theorem of Marcinkiewicz for the sublinear operator 7). This
gives that operator T is of weak type (L', L') and of type (L?, L?) for
all 1 <p < oo. In the case of the operator 7™ we do the same procedure
with some minor modifications. Namely, set x' :=m — x. Then,

1 FR(x) — 1
T® — —
1(») JSup mm/2>§>m/kf(y+X)k(( 1Rl
Since
(x)—1 B rf(x') —1 S
k(f(x/)_l)z _‘k(r(xr)_l)z (|Z|_|Z| for allzeC),

by the same method as in the case of T, but with R+ instead of R~ the
proof of Lemma 2.2 is complete. |

LEMMA 2.4.

rk(x) — m
- - < s
k r(x)—1)2+127zx ck

where 0 <x<m/fk, 2<keP, xeP.

Proof of Lemma 2.4. Let 0<t<2n. Then,

2 6 10

t
|cost—1|\2 +6'+1—O'+---<cz2 (2.4.1)

and

t3 l7 lll
|sin 7, |\ 7!+ﬁ+ <Lt (2.4.2)
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By (2.4.2) we have

mx/m mx/m

2 sin®(nx/m)  2(nx/m)>

ci |sin(zx/m) + 7wx/m| |sin(zx/m) — wx/m|

S m sin?(zx/m)(7x/m)?
x  (x/m)?
se W <c (2.4.3)

Also by (2.4.2) we get

1sin(2nkx/m)  12mkx/m 1 5 <m>2
2k sin?(rxm) 4k sin(gm) | < €k X
x
<ok < ck. (2.4.4)
m
By (2.4.1) it follows
1 sin(2zkx/m) < ) 1 >
4k coti(mx/m) — S rm)
. 1 kx |cos(nx/m) + 1| |cos(nx/m) — 1|
ST km sin?(7x/m)
1 2
<ol Rl X (2.4.5)
m m (x/m) m

We also take into account

1sin(2nkx/m) /1 1 2 7sin(2mkx/m)
% <2 + 3 Cot(nx/m)> + —am cot?(nx/m)

<ckx/m<1+m><c. (2.4.6)
k X
Note that

/ .
—7+7C()t X/m
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Elementary calculations like above imply

ri(x)—1 1 sin(27zx/m) - |cos(2mkx/m) — 1|
Kr(x) =172 k) -7 S k(x/m)?
<c (kfﬁ)zsck. (2.4.7)

(2.4.3)-(2.4.7) imply
rk(x)—1 1 sin(27x/m)
k(r(x)— 1) k(r(x)—1)?

1 sin(2nkx/m) <
* k 2

<

m
k(r(x)— 12" ' 2ax

+= > cot(nx/m)>

1 sin(2zkx/m) .

+2 % otz(nx/m)‘
1 sin(2zkx/m) 1
| R (ottoo—r)|

1 sin(2wkx/m) 127tk x/m
+| = — + —
4k sin“(nx/m) 4k sin“(mx/m)

mx/m mx/m
+ 5= >
2 sin“(nwx/m)  2(mx/m)
N mx/m m
_em LB
2(nx/m)* 2mx
< ck.

This completes the proof of Lemma 2.4. |

COROLLARY 2.5.

where m — (m/k) <x<m, 2<keP, xeP.

Proof of Corollary 2.5. Let t=m—x. Then, 0<t<m/k, 1/(1 —r(x))=
1/2 + (/2) cot(nx/m) = (1/2) — (1/2) cot(nt/m),
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rf(x)—1 k(1) —1
rx) — 12 T k(rn) —1)2

<|r —1|‘ += cot(nx/m)‘

+ |k (¢ —1|‘ + cot(nt/m) D

-i-l ’_1cot2(nx/m)(rk(x) + k(1) — 1)‘
k| 4

<

X

| 1 /m\?
¢ sm(nkt/m)‘ (1 -I—m/t)+ck<t> 2 |cos(2nkt/m) — 1|

celB (1), L (my lay
ST km )T\ m

< ck.

This and Lemma 2.4 give that the proof of Corollary 2.5 is complete. ||

Set

1 k —1
O =t Y fly—x WL

M 6 x<mk
m—mlk<x<m

TPf(y) = Y f(x)

{x:m/k>|y—x|>0} y—x

for 1 <keZ,, We prove

LEMMmA 2.6.

‘T§<3>f(y)+l Tﬁf)f(y)‘ SART I+ R fT (D)

2n
Proof. By Lemma 2.4 we have

1

m

rf(x)—1 m
R FrRETa )

0<x<mlk

k
<e— Y fy=x)I<R™|f ()

Mo < <mie
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Meanwhile, by Corollary 2.5 we have

1 rR(x)—1 m
ml X f(y_x)<k r(x)—1)2_2n(m—x)>’

m—mlk<x<m

k
<c— ) |f(y =)l

mmfm/k<x<m

—eX Y DI <R A1)

m 0<t<m/k

(t:=m—x, f(y—x)=f(y+t—m=f(y+1)). This and

1
Y o fr-wi= Y =

b
0<x<m/k y—mlk<t<y Y=

S S0 = T fdsem

m—mlk<x<m X 0<s<m/k

—1
= ) f(J’+S)T

0<s<m/k

= Y fin—

y<t<y+mjk t—=y

= X fi)—.

y<t<y+mlk Y=

that is,

1 1

TP = Y f—t X f)—
y—mlk<x<y Y y<x<y+mfk y

1 —1

= X o=+ X fy=x)—

0<x<mlk X m—mlk<x<m

(1<keZ,), gives that the proof of Lemma 2.6 is complete. |

13

Set TVf :=sup, xez, [T f| for j=3,4. By Lemmas 2.1, 2.6 and by the
so-called maximal Hilbert transform (on the unit interval) (see, e.g., [ BS])

we prove

LemMMma 2.7. The operator T® is of weak type (L', L') and of type

(L?, L?) (for all 1 <p < o0) on the discrete group Z,,.
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Proof. Denote by v the Lebesgue measure on the unit interval [0, 1).
Let g:[0,1)— C be integrable with respect to v. Define the maximal
Hilbert transform of g as

(I)Ldv(t).

Hg(s) :=sup J g
{rel0,1):|s—1|>¢} s—t

e>0

It is known (see, e.g., [ BS]) that # is of type (L%, L?) (for all | <p < o0)
and of weak type (L!, L') on [0, 1) with respect to v. We apply this for the
function

i+ 1

. J .
g(t):=f(j) for =< (jeZ,).
m m
Let s, t€[0,1), |s—¢| =1/m:
1 1 2/m m
- < <c .
s—t [ms]_% s—1] [ms]_[mt] ([ms]—[mt])?
m m m m
([¢] is the integer part of real number ¢.) Thus,
1 1
t — dv(t
j{te[o,t):ls—t|>l/m} [8()] s—t [ms] _ [mt] (1)
m m
m—1  (j+1)m m
<c bl dv(t)
jgo L/m ([ms]—j)?
Jj#[ms]
m—1 1
<c Y 1/ . (27.1)
2 O =
Jj#[ms]
(2.7.1) gives
flf lg(1)] L 1 dv(t) dv(s)
0 Y{re[0,1): [s— 1] > 1/m} & s—1 [ms]_[mt]
m m
1 m—1 m—1 1
<c—=Y X U
k=0 j=0, j#k (k ])2

<c;m§0 D =c If ]
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Since

1
Z e
j{te[O, 1):ls—tl > 1/m} 8t) [ms] [mi]
m m

dv(t) = TP f([ms]),

thus

tz(y: sup |TEf(Y)I>A)=v(s: sup [TPf([ms])|>2)

O0<keZz, O0<keZz,

<ots: Hg(s) > 42)+5 171,
< jol 14 i)+ 5 111

c . .
SN

Similarly, for 1 <p < oo,

1 1/p
Isup | T111, < ( J, 17517 dv(S)> +c 1,
k

<cp 11,

By Lemma 2.6 and Lemma 2.1 (R*, R~ is of type (L%, L?) (1<p< o)
and of weak type (L', L!)) we complete the proof of Lemma 2.7. |

Since the kth Fejér kernel on the discrete group Z,, (1<keZ,,) is

C(x lk 1 j—1
K L xr
j 0 =0
rk(x)—1 1
_ if 2<k<m,
k) =12 o —1 "
0 if k=0, 1,

and since the discrete Hilbert transform

1 m—1 1
Hf(y) 32% 702 f(x)m

is of type (L?, L?) (1 <p < o) and of weak type (L', L') (on the group
Z,,) (see, e.g., [ BS; Zyg; EG, p. 120; Sub]), by Lemmas 2.2, 2.7 we proved
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THEOREM 2.8. The maximal operators

T A K@ (y—x)],

x=0,x#y

1
o*@nf(y):=— sup
0<keZz,

1
T“f(y):=— sup

Mo<rez,

r(y—x)—1
T g

N0 xry r(y—x)—1)?

are of type (L?, L?) (1 <p < ) and of weak type (L', L') on the group Z,,,.

More accurately, we discussed only the case 2 <k, but the case k=1 is
trivial. (If k=1, then

k_1 1
K Zn) — r _ )
k 9 k(ir—1)* r—1

the kernel of the discrete Hilbert transform.)

3. SOME INITIAL INVESTIGATION OF
THE PROOF OF THEOREM 1

For [, L e N define the sum of Dirichlet kernel functions

I+L—1
KIL = Z Dl
i=1
Let n'V: =% n,M; (n, jeN) and for neN set |n| :=max(ieN:n, #0).

That is, |n| =4 if and only if M ,<n <M, ;. Then by elementary calcula-
tions we have

In| ng—1

nan Z Z Kn<°'+])+jMx,Mx- (31)

s=0 j=0
By (3.1) we have

(6*f>2)=wu <y :sup f

neP | VG,

m

J(x) K,(y —x) du(x)

e

100) Koy — ) du()| > z/2>

<u<y:sup f

neP |1y 11(»)
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In|

J(x)

1
+u (y:sup

nePp |, o J‘1,(}/)\1,.,.1()’)

|n|  ms—1

x X Kosor o jag, iy — X) du(x)

s=0 j=0

=:J1+J2.

> i/2>

Discuss J,:

ln] t—1

> Y f(x)

t=1s5s=0 "L\ 1(»)

Jo <u <y: sup —

neP

ng—1

X Y Koerry g, aa(y —X) dp(x)

Jj=0

> /1/6>

|n|] s—1

1
+u <y:sup Y

| f(x)
neP |21 ;0 LW\ (»)

n—1

X Z Kns+1+jMS,MS(y_x) u(x)

Jj=0

> /1/6>

In|

+u <y:sup
neP |, o ' LN\, (»)
n,—1

x Z Kooy ju, M(y x) du(x

j=0

= J2,1+J2’2+J2’3.

>)/6>

In this section we give an upper bound for J, , and for J,. Let reN,
zel\I,, . Then for s < by (1.2) we have

| Ko+ 4 e, e, (2)| Scn, M M.

Thus,
In| t—1 t—1
,u<yeG psup Z > oy f S(x)
nepll t=1 s=0 s=0 | "L\, 1(»)
n—1
X T Ky a0 =) duls)| > 2
j=0
|n| ¢—1
<u(veGuicspy ¥ | 1030, M, M, ) >
neP =1 s=0 "L (WI\, 1(»)
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|

<ﬂ<yeGm:ch sup — anMj |f(x)|d,u(x)>/1>

oneP /1 1,(y)

In|

<u<yeG csup1 ZnM LF1* (v )>l>

Su(yeGyclfl* (y)>4)
<cllfl/A=e Sl /A

For the inequality u(yeG,,: f*(y)>A)<c|fl./4 see the paper of
Burkholder [Bur]. This is, J, ; <c || f]l;/4. Moreover, by |K,|<(n+1)/2

we have
> i>

u(veGuisup|[ 00K -0 dutx)

neP I|,,\+1(J’)
n+1
<ﬂ(yeGm:supj e > )
neP "I, 1(¥)
<u<yeG esup 2Ly (>>z>
neP2M|n|+l

<c | fl/A

That is, J, <c | £, /A

4. THE CASE S>T

For n,s,teN and |n|>=s>1t, ye@G,, set ¢,:=(0,0, ..,0,1,0,..), where
the rth coordinate of ¢, is 1 and the rest are zeros, and set

1 m 1 _ 1
T3 f(y)i=— Y, E(fle)(y+elx,—y,)

m, x,=0,x,#y, l_rt(y_x)

(This means that E(fi),)(y+e(x,— »y,)) depends on yg, V1, o ¥V, 1, X
Vitis - Vs—1 (and on n, s, f of course) and we sum with respect to x,.)
Since 1) does not depend on ny, ..., n,_,, we can introduce the notation

mi—1 mg 1 —1

Y- ¥ -5 %

n®)  {neN:my=n=-.- =n,_;=0} n=0 ng, =0
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and

sup = sup
ns) {neN:ny=n;=---=n;_;=0}

Then we prove

Lemma 4.1, [lsup,w T3 'fl,<c, | fl,, where fe L?(G,,), 1 <p<2.

Proof of Lemma 4.1. Set y'=y+e(x,—y,) (x,=0,..,m,—1). Apply
the Hausdorff~Young inequality (see, e.g., [Zyg, BS]) for the Vilenkin
group X Z, and for the function

| 1
— Y OV

Let 1/p+1/q=1:

$

E((l D -

m, X, =0,x,#, 1—7,()/—)6)

q> 1/q

)0 )

4 1/p
>(y)> .

The discrete Hilbert transform is of type (L”(Z,,), L"(Z,,)) (see, e.g.,
[Sub; EG, p. 120]) for all 1 <p < oo; consequently,

<<ES<1 Sy

n, x,=0,x,%#y, l_rt(y_x)

1/q
<Z 75 'f|q>
e

Isup 757 £, <
n® P

(e (|2 S =)
<(E (£ (|1 ¥ >>>
0 m, X, =0, x, %, l—r,(y—x)

1 mtfl

(
({5 )
( EA N (IGF

x,=0,x,#y, 1_rt(y_x)
My —0.x,#, —r(y—x)

1 m—1 1/p
<cp<Eo< 5 If(y’)lp>>

m, x,=0

=¢, 11, 1

)"

1 mtfl
E, < 5

n, ¥,

=0
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Let jeN, A, keP be fixed. Let neP and |n|=4 > j+k. Set

T.f(y)i= sup [T = +47775f(y)]
n=) |n|=1
= sup | T3 =477 f(p)
{neP:iny=0,...,ny_;_;=0,|n|=A}

= sup T AT,

{neP:|n|=4}

Tf(y) = sup T,./(y)

{AeP:A>j+k}

for y e G,,. Then we prove

LEMMA 4.2.

u(1r>0<(e3 101 +e () 1007 ) G+

for all A>0, fe L?(G,,), l <p<2.

Proof of Lemma 4.2. Define the stopping time v (see, e.g., [Sch2]) as
v(x) :=inflk e N : E (|f])(x)> 1) (inf & = o0).

It is known [Sch2] that u(v<oo)<|f|,/A Denote the characteristic
function of the set B< G,, by 14, ie.,

1, if xeB,

IB(X)‘:{O, it x¢B-

Since T3 f =T, (Ey1f) =T, '(EA+1f—EAf), then T,/ =T4E ;1f)
=T4(Eqs1f—E4f) (In|=A). This and
l=1g

=1{v<oo} +1{v:oo}

= l{v>A+1} + 1{v<A—j—k} + 1{A—j—k<v<A+1}
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give

w(Tf> 2)
Sl <oy Tf < 4/2)

+ (1 — oy sup A Ay sary(Egsrf —ELf))>2/6)

{AeP:A>j+k}

+u(lyy— ooy sup TA(l{v<A—j—k}(EA+1f_EAf))>/l/6)

{AeP:A>j+k}

+u(lyy ooy sup Tlpg—jweveas(Eqir S —ELS))

{AeP:A>j+k}
> 1/6)

::J1+J2+J3+J4.

We already have J, <c || f|;/A
J; =0 is given by

0<T (lyyca—joryf)

— A—jA—j—k
= sup 1y ;T /1
nA=0 |n|=4

A—jA—j—kg|
< sup gy, sup |7, f1=0
nA=0), |n|=4 nA=)), |n|=4

on the set {v= 00} and so does sup;ycp.a;+x Tall (< ji f)-
Apply Lemma 4.1 with p =2 in order to have an upper bound for J,:

1
Iy Scﬁ Z HTA(l{v>A+1}(EA+1f_EAf))”%

¥ AeN

! 2
Scﬁ Z ”1{v>A+1}(EA+1f—EAf)”2-

" AeN

The lemma of Burkholder [ Bur, Sch2] gives that

Y Mpsasy(Eaif —Esf)3<c | f ]y A

AeN

That is, J,<c | f]l,/A
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Give an upper bound for J,:

1 i ) )
J4 <}7 < > sup |Tf_j’A_J_k(l{A—j—k<v<A+1}
- A=j+k 470, |n|=1
i 1/p|p
X(Eqorf = Eaf DI7)
P

1 ad ) )
—_ A—jA—j—k
= > sup T, (Lia—jk<veary
Vo d=jrk In4D) n =1
P
X(E g f—E4f))
P
© pr
_ A—j,A—j—k
< P sup Tn (1{A7j7k<v<A+1}EA+1f)
VA= j+k a4, n| =4 P
c & r
A—j A—j—k
t-5 > sup T, 72777 (Vajmkeveas 1y Eaf)
AT d= ke I, n) = »
=1J4 1+ s

Apply again Lemma 4.1:

1 .
Ja1<¢,75 iy > ij Vg jkeveasny [Easif17
> +k"Gn

A+1

YoX [ B

Az j+k I=4A—j—k

I
hﬁ
i\—‘

I+j+k

Il
)

N

@‘,_.
N
18

[ B
(v=1

I=0 A=1—-1

N N

/N
A
o

N
#‘,_.

//\

S U+k+2)17*17

M‘,_.

S U+k+2) 1117

p‘__
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(the last inequality is due to Burkholder [ Bur]). In the same way we have
1 p
Ji2<0, p(1+k+2 LAl -

That is, the proof of Lemma =4.2 is complete. ||

LemMA 4.3. Let |n|>s>t, n,s,teN, zeI\I,, . Then,
Oa lf‘ Z_etztéls

Kn: Z)= l .
()Ms( ) MtMslpn(s)(Z)m’ lf‘ z—e,z, EIx.
t

Proof. By (1.2) we have

n(3)+Mv71

Kuoa(2) = Y Dul2)

k=nl®

n) + M, —1 t—1 m,—1
=TT we(Tken, S i)

k=nl) i=m,—k,

::J1+J2.

First we prove that J,=0. Since zel, then Y, (z)=T17,r"(z)=
T2, V];’(Z) =y ,u(z). Next,

—1 -1 t—1

s

Z Vo 41(2) z IiM;= Z Vo4 o(z) Y, LM

because (n) + 1) =n® + (1< M, s >1t). Thus,

m,—1 m,_1—1 mHlfl mg_—1 t—1 m,—1
Ji= Y o X Yoo Yael2) X LM, Y Yie(z) =0,
1,=0 L,_1=0 1,,,=0 L_1=0 j=0 ,=0

1.1

because ZZ‘;‘OI W 0(z) =Y 0en(2) Z't=_0 ri(z)=0 (z, #0 since zeI,\I, ).
That is, J;, =0. Next discuss J,:

n) + M, —1 m,—1
Ly=M, Y Ypen(z)ri(z) Y riz)
k=n i=m,—k,
n®) +M;—1 rkt(z)—l
=M, Y Yen(z) S
k=n® rt(z)_l

M —1 I"I’(Z)—l
:M ) 1+ ti
0 2 Ve ppeen(2) Y

I=0
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M,—1 1

K

= M ,0(2) Z,O ‘Pzw(z)m

M,—1 |

+ M I,Dn(x)(z) l// (t+1)(2)7

’ PINE 1—r(2)
::J2,1+J2,2.

Since Y,(z =y ,0(z) for ze 1,

1 M,—1
J2,1=leﬁn<s)(z) Z Y,(z)=0.
=0

rt(z) -1 /=

On the other hand, if z—e,z, ¢ I, then there exists an ae {r+1, 1 +2, ..,
s— 1} for which z—e,z, e I,\I,, ;. Then, since ¥ ,u+1(z) = ur0(z —z,€,) =
V,(z—z,e,) (z—z,e,€l,,,) we have

M, —1 M, —1

s

Z Yoen(z) = Z Yuesn(z —z,e,) =0.
=0 I=0

That is, in this case J, , =0 also.
If z—e,z, €1, then

Jo2=M M ,0(2) T—r i)
t

This completes the proof of Lemma 4.3. |

LEMMA 4.4.

1 In| s—1

sup— Y Y | /()
neP s=1 t=0 I;(J’)\I,Jrl(J’)
>/1>

Ji=u <y:

n—1

x ), Kos+v 4 iag,, a0, (Y — X) du(x)

i=0

1 1
<exlflh+e, 55 1/1

for all fe L?(G,)1 <p<2.

Proof. Let n, jeN, keP be fixed and denote by s:=|n|—j, t:=
|n| — j— k. Then by Lemma 4.3 we have
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1 ng—1
- X)X Koo e, (6 —X) du()
n iYL\, () i—0
M, M| 1 ™! 1
=B Y [ ) ey =)
n m; = Y1(e,b) l—r(y—x)
Z (y—x) du(x)
Z M |
< sup T T ep )
n.&.eZmS
=:J;.
If j>1, then
Mt+1ns<Mt+1ms<62_j_k.
L In]
If j=0, then
Mt+1ns=Mt+ln|n|<Mt+ln|n|<027k=(:2 —k
|n|

n n T

also in this case. Thus,

Ji<ce27/7F sup
neP
In|=j+k

T ()

Then, by Lemma 4.2 it follows

J<,u<y:cz Y 277/7% sup |TL”'j"”'jkf(y)|>)V>
=0 k=1 nep
ln|=j+k

Ty ) 1)

neP
In|=j+k

<X X u<y=c2”"”2 sup
j=0 k=1
<X X <62(_j_k)/2 £l + ¢, 277~ "’/2)” flp> (J +F)
j=0 k=1

)1 ) 3 1 || P
<c flhvte, 7 1715

That is, the proof of Lemma 4.4 is complete.
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5. THE CASE s=t (THE SUBCASE |n| > 1)

Let ze I,\I, . Then, by (1.2) we have

nHD 4 (G+1) M, —1 t—1
Kn(t+l)+th! M, = Z lﬁn<1+1)+le(Z) < klM]>
k=nt+D 4 jM, =0

ntHD 4 (i+1) M,—1

T S A e A bl )

k:n(’+1)+jM, l=m,—j
:=A1+A2.
Since
M, (M,—1)
Al(z)zwn(’“)JrjM,(Z) %,

we have |4,| <cM? and

1 ln|—1 n,—1

sup |~ ), ) S(x) Ay (y —x) du(x)
neP t=0 j=0 I,(J’)\I,Jr]()”)
|n| —1
<esup— Y mME(|fD)(y)<c|fI*(») (5.1)
neP t=0

On the other hand,

Af2) = onn(2) M S

n—1 ri(z)—1 1

EO Ay(2) = Yueen(z) M7 (2 =17 1)2—%(1“)(2) MtMtntirt(z)_l

= A2, 1 _A2,2.

By Section 4, more precisely by Lemma 4.2, we have

J(x) Az, 5(y = x) du(x)

I (VN 1 ()

> )L>

SX) Y peen(y —x)

1|n|—l
ﬂ<yrSUP >

nePn t=0

|n| —1
=HU <y Ssup — Z M, Mn,

nePn t=0
>/1>

J‘I,(y)\I,Jr 1)

1

=14
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[ Inl—1
<u(visups T w || () Yoy =)

nePn =0 II(J/)\IH.|(Y)

1
—d y)
=0 —1%)> >
] —1
ﬂ<y csup Y 20 '"'IT’“’f(y)|>ﬂ>
neP (=0
In —1 . . .
—u(viesup ¥ 2 T ) > )
neP j=0

<c ) ﬂ<y: sup 2‘”2|T'n"'_j""'_j_1f(y)|>cﬂv>

neP, |n|=j+1
00 =i 2 =2\ P )
<3 e(F e (55) 1g)

1
e Ifh+ep 75 1112 (52)

for 1<p<2 Let l<p<2, 1/p+1/g=1. We give an upper bound for

d

J(x) Ay 1(y — x) du(x)| >

1 |n| —1
u<y:sup > f
L)\ 1(»)

nePn t=0
M |n| —1 _
<u(visupTetsup XM 0 et
neP In| n® s—¢ IL(»\, . (»)

ri(y—x)—1
iy —x)— 17 4

)

(M, <M, /n,). Set, like in Lemma 4.1,

1 mrfl
Tif(y)i=—| Y  Ei(fben)y+elx,—y,)
tlx,=0,x,+#y,
iy —x)—1

iy —x)— 1)

Apply the Hausdorff~Young inequality (see, e.g., [ SWS, Zyg]) for the
function

m,—1

1 riy—x)—1
8l el ye—x.) ._;txlzogct#yl S n(r{y—x)—17%
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and for the Vilenkin group X °_, Z,, ; that is, we have

B 1/q9
< 5 |E,+1(g<x+et(y,—xt>>w,,(wu(x))w)

nlt+1)
<(|E,+1(g(x +et(yt_xz)))|p)l/p~

Consequently, by Theorem 2.8 we get

<fsw( ¥ |qu>l/q

n, \p(+1)

Hsup T,

P

< Hsup(|Et+1(g(x+ et(yt_xz)))|p)l/p“p

n

< 1Sl

Let j, AeP be fixed. Let neP and |n| =4 > j. Set (like in Lemma 4.2)

T,f(y):= sup |TF77f(y)l, Tf(y):= sup T,f(p)

nA=) |n|=4 AeP, A>j

for y e G,,. Then we prove

u(ir=n<(es 1l (7) 1117 ) 5

The proof of this inequality is the same as the proof of Lemma 4.2 (exactly,
step by step) and is left to the reader. From this it follows

1 =1
u<y:sup > >)»>

neP t=0
| S Yoy =)
O\

Ly 1(»)

<u (s supf'"'ilM,H T |>A>
(

J(x) A5 1(y = x) du(x)

L)\, 1(»)

|n| —1
=Uu <y:sup Z M Mn,

nePn t=0

iy —x)—1
nt(h( —x)—1)?

3 du(x)| >

neP t=

N

wlre Lo s ITL”""f(y)|>i>

neP |n|>j
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(o)

<Y wly:e27? sup  |TH=7f(p)>2)

2 neP ln >
<3 (e 7 M+ e s 115
j=1
<e3 1l +e, 351712 (53)
A ip p

(For 1 <p<2).

LeEMMA 5.1. Let operator T, be linear (n e N) with property

T,f= Tf,(E|n|+1f)a T.(fg)=g¢T,f

for g is o4, measurable and |T,(1)|<c (1:G,, — C is given by 1(x):=1
(xeG,,)). Suppose that operator T, :=SUP,cn m=allnl is of type
(LXG,,), LXG,,)) and (L*(G,),L"?(G,)) for some 1<p<ow AeN
(uniformly in A). Then, for T :=sup.n T4 we have

p
wTf>21)<c an” Lt op L{l"
A A
for each feL?(G,,).
Proof. The properties of operator T, (4 eN) give

T,f= sup | T

neN, |n|=4

< sup |TE i —En )+ sup  [TH(E,f)

n, €N, |n|=4 neN, |n|=4

= sup I TAE i f—ELf)+  sup |T2(E|n|f)|

neN, |n|=A4 neN, |n|=4

STAE 1/ —EL)+E Sl sup  [T(1)]

neN, |n|=4

STAE 1 f—Eaf)+c|ELS]

Let v be the stopping time, as in the proof of Lemma 4.2. We follow the
proof of Lemma 4.2:

1:1Gm:1{v<oo} +1{v=oo}:1{v>A+1} +1{V<A} +1{V=A+1}‘
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This and the sublinearity of T,, T give

TF>2) < 1y ey T > 12)

F (1 oy SUP (T Eqirf —Eff) +c|Eff])>2/2)

AeN
Sully <oy T > 4/2)

Fu(lgy ooy U Ty(lyys gy iy(Egy i f = Euf)) > 4/12)

AeN

+u(lyy— oy SUP TA(l{vsA}(EA+1f_EAf))>/1/12)

AeN

Fu(lgy ooy sUp Ty(lyy— iy (Egi i f = Euf)) > 2/12)

AeN

Fuly— oy e |E f|>2/4)

::J1+J2+J3+J4+J5.

The definition of v given J, <c || f];/4. We have also Js<c | f| /A J3=0
is given by

0<ly_oysup Tu(lyycy(Egsrf—ELS))

AeN

= 1{v:oo} sup sup T;oz(l{v<A}(EA+1f_EAf))

AeN neN, |n|=4

=lpowypsup  sup (e Th(E i f —ELf))

AeN neN, |n|=4

=lg_wysup(ly<y TAE i1 f—ELS))
AeN

< l{v:oo} sup l{vsA} sup T4(E i 1f —E4f)=0.
AeN AeN

Since T, is of type (L? L?), in the very same way as in the proof of
Lemma 4.2 we get

1
Sasces Y Mpsas iy (Eaprf = ENZ< S/

© AeN
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All that remains is to discuss J,. Since 1 <p < oo, we have

1<y gs 3Tl iy Eaef = Eaf I
1
gcpﬁAgN <JGm ly—avy |EA+1f|p+me Ly asny |EAf|p>
< i f *)17
AeN {v=4+1}

Cp/lp

— *|| P
<35 1112

1
< Cpﬁ Hf”,f

This completes the proof of Lemma 5.1. |

The Subcase |n| =t
Let zeI,\I,,,. Then, by (1.2) we have

Kn('+l)+th,M,

= KjMW, M‘”l(z)

G+1) My, —1 In| —1 myy —1
= Y <ZkM,+M|,,| ) r1|n|(z)>

k= jM, =0 I=my, —j
=: A;(z) + Ay(2).
Then,
M, (M, —1) .
A3(Z)= In| 2| | {n|(Z)
and
1 n‘n‘fl
sup |~ (x) As(y —x) du(x)
neP n j=0 I|,,|(J’)\I\,,\+1(Y)
M2
<esup 2oLl | /)] du(x) <1/ (). (54)
neP Nin| Mlnl Ly (DN +1()
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On the other hand,

3 riy(z)—1
A4(Z) - M|2n| rlnl(Z) . 1 ]
M — 1 rin(z) —1 1
— 7]
2, A = My — e MM 7

Apply Theorem 2.8 and Lemma 5.1 for the operator

P Py —x) - 1
T° = E + L=t
nf(y) m|n| . :0,§M . |n| lf(x) n|,,|(l’|,,|(y _x) _ 1)2
(neN).

Note that the condition |7T5(1)| < ¢ holds, because

]

<c

’ 1 Mw—t o pmn(x)—1
my, Xy =1 nlnl(rlnl(x)_l)z =

(This holds because

™y —1
KZ"‘n(X)

x‘n‘=1

1

my,

It follows (n=ny, M)

S(x) Ay, Wy —x) du(x)

>1)

u<y:sup1f

nep Ly (DN 41()

S(x)

Su <J’ 1sup M, j

neP I\,,\(J’)\I|,,|+1(Y)

my—0-1 i)
P (P (y — X) — 1)2 u(x)| >
< ! 1 )
\cz\|f|\1+cp)7”f“p s

for each fe L?(G,,) 1 <p<oo. The (L?, L?) typeness (for all | <p < o) of
the discrete Hilbert transform and Lemma 5.1 give
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e

J(x) Ay 2(y = x) du(x)

u<y1wplf

nep Iy O\ ()

1 \
<u(wisup oy | | 10— )| > £
neP 1, (J’)\I‘nHl(Y) 1— r|n|(y —)C)
1 1
<e3 1 litep 5 112 (56)

Summing up our achievements in this section by (5.1), (5.2), (5.3), (5.4),
(5.5), and (5.6) we get

| i
J(x)
t=0 I;(.V)\1,+1(,V)

u<y:sup
nep
n,—1

x Z Kooy jag, m(y —X) du(x)

Jj=0

>7)

In] —1 n—1

fx) Y Ay —x)u(x)
j=0

1
< <y:sup >/1/6>

neP t=0 I,(y)\1,+1(y)

|n| —1
+u <y:sup1 > J(x) Ay o(y —x) u(x)

neP | Zo "L\, (»)

> /1/6>

|
0 It(Y)\IH-l(J’)

1|
S(x) Az 1(y =) ulx)

+u <y:sup

—1
nep ! =

> /1/6>

-1—,u<y:sup1 j f(x)

nePn 1\,,\(}’)\1\,,“1()’)

nyy —1

X Y As(y—x) du()

j=0

> i/6>

+u <y:sup1 f

nep Ly ()N 41(2)

S(x) Ay, 1(y —x) du(x)

> )v/6>

+u <y:sup1 f

nePn 1\,,\()’)\1\,,“1()’)

J(x) Ay o(y — x) du(x)

> ;V/6>
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. ,1 1 » ,1 , 1 »
<u(f1*>e2)+( e 1+ 1712 )+ (e 171+ ¢y 11
% - 1 ) 1 P
+u(If1* > e2)+ (e 1+ 675 1112
1 1 »
+e I h+e 75 1017

1 1
<colflhite, 5 1717 (5.7)

The Final Step of the Proof of Theorem 1

Recall the notation of Section 3 (J,, J,, J5 1, J5 2, J5, 3). In the Section 3
we proved that

1
J1+J2,1<EC Hf”l

for all fe LY(G,,). In the Section 4 (Lemma 4.4) the inequality

1 1
Jo2ses \|f|\1+cpﬁ A1

for every fe L?(G,,) 1 <p <2 is verified. This by (5.7) (here one can find
an upper bound for J, ;) means that

o> <J +J, 1 +Jdy 0+, 5

1

» 75 112

1
<cslfli+e

for each fe L?(G,,) 1 <p<2.

After all let v>1 and fe L% G,,). Then there exists 1 <p <2 for which
felL?(G,,) (eg, min(2,v)). Let ¢>0 be arbitrary. Then there exists a
Vilenkin polynomial P ( =Z§‘:0 a;y; for some ay, .., a, €C (keN)) for
which | f— P|, <e. Consequently, since lim, ,P =P everywhere, by the
given bound for u(a*f> 1) it follows for 6 >0 that
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u(lim |o,f—f|>6)<p(lim |o,f —0,P| >0/3)
neP neP

+u(Tim |6,P—P|>0/3)+pu(Tim |P— f] > 6/3)
neP neP

1 1
<csIf=Pli+e,5; /=PI
< 1 + — P
\658 Cﬁ&pg‘

Letting ¢ > 0 we have

u(lim |, f—f]>6)=0
neP

for any 6>0. This means that o,f—f ae. (n— o). The proof of
Theorem 1 is complete. ||
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